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Time-scales and how NMR 
provides information

Transitions between tier-0 states are rare, however, owing to the low 
probability of the conformation that allows transition. Dynamics on 
this timescale have received much attention recently, because many 
biological processes — including enzyme catalysis, signal transduction 
and protein–protein interactions — occur on this timescale. Owing 
to the relatively long lifetimes of each state, these individual states can 
either be observed directly or be trapped experimentally. Moreover, 
the kinetics of interconversion of these states can also be detected. 
In this section, we discuss what has been learned about dynamics 
on slow timescales from experimental atomic-resolution methods, 
experimental low-resolution and local-site methods, and computa-
tional methods.

Experimental atomic-resolution methods
Ideally, researchers would like to determine both the structures of the 
tier-0 substates and their rates of interconversion. X-ray crystallography, 
nuclear magnetic resonance (NMR) spectroscopy, cryo-electron 
microscopy and small-angle X-ray scattering provide atomic-resolution 
or near-atomic-resolution snapshots of tier-0 substates. For high-reso-
lution X-ray crystallography, a homogeneous crystal is needed. Con-
sequently, substates need to be trapped through biochemical ‘tricks’, or 
the reaction needs to be synchronized across the entire crystal19. These 
ideas are nicely illustrated by the crystallographic characterization of 
intermediates in the cytochrome P450 enzymatic cycle20.

The requirement for a homogeneous crystal is relieved when using 
cryo-electron microscopy and small-angle X-ray scattering, making it 
possible to determine the structural ensemble directly, in the experimen-
tal conditions, although with lower resolution. However, these methods 
cannot characterize the timescales of interconversion. Usually, this struc-
tural information is linked to kinetic data obtained from low-resolution 
spectroscopic methods (discussed in the next subsection, Experimental 
low-resolution and local-site methods). In specialized circumstances, 
both structures and kinetics can be determined simultaneously by using 
Laue X-ray diffraction19. In addition, hydrogen–deuterium exchange, 
analysed by either mass spectrometry or NMR spectroscopy, provides 
a particularly powerful way to detect global or local unfolding on 
timescales of milliseconds and longer21,22.

The clear advantage of NMR methods is that they deliver the timescale 
of transitions, together with atomic resolution. Dynamic information 
is extracted from relaxation of nuclei after excitation, using a variety of 
NMR experiments to span dynamics on timescales from picoseconds to 
seconds and to assess several types of nucleus (1H, 2H, 13C and 15N) site 
specifically23–25. Importantly, the dynamics can be followed in solution in 
steady-state conditions26. This is in contrast to most other spectroscopic 
methods, which require perturbation to measure kinetics. NMR experi-
ments have traditionally been limited to small, soluble proteins. How-
ever, modern spectrometer technology (such as high magnetic fields and 
cryoprobes) and new NMR pulse sequences have pushed the size limit 
upward, making it possible to study proteins of up to 100 kDa and even 
up to the size of the ribosome, depending on the system and question 
of interest27–33.

The NMR timescale for conformational exchange is defined by 
its rate (kex, the sum of the forward and reverse rates) relative to the 
chemical-shift timescale (∆ω, the difference in chemical shift of the 
interconverting species). Interconversion is slow on the NMR timescale 
when kex < ∆ω, fast when kex > ∆ω, and intermediate when kex ≈ ∆ω 
(ref. 25). For a slow exchange rate, the substates are observed as distinct 
peaks in the spectrum, allowing direct structural characterization. The 
relative populations of the substates (pA and pB) are obtained from the 
relative peak integrals, and exchange rates from one-tenth of a second to 
tens of seconds can be measured by nuclear Överhauser enhancement 
spectroscopy (NOESY) and ZZ-exchange spectroscopy24. By contrast, 
at intermediate and fast exchange rates, a single population-averaged 
signal is obtained. Microsecond-to-millisecond dynamics cause addi-
tional line broadening of this signal by an amount, Rex, that contributes 
to the measured overall transverse relaxation rate (R2eff). Specialized 
relaxation dispersion experiments24,25,34 have been developed, allowing 

determination of kex (kinetics), pA and pB (thermodynamics) and ∆ω 
(structure) from the dependence of Rex on an applied effective magnetic 
field (νCPMG) (Fig. 2a).

Using these dispersion experiments, the protein dynamics in an 
enzyme during catalysis have been measured, for cyclophilin A 
(CYPA)35,36 (Fig. 2). CYPA catalyses the reversible cis–trans isomerization 
of prolyl peptide bonds. It was originally identified as the target of the 
immunosuppressive drug cyclosporin A37,38. Since then, peptidylprolyl 
isomerases have emerged as important regulators of various biological 
processes. For such a reversible enzyme, catalysis can be maintained 
indefinitely in the sample tube by simply adding the substrate(s)26. 
Quantitative analysis of the NMR dispersion experiments on CYPA34,39,40 
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Figure 1 | The energy landscape defines the amplitude and timescale of 
protein motions. a, One-dimensional cross-section through the high-
dimensional energy landscape of a protein showing the hierarchy of protein 
dynamics and the energy barriers. Each tier is classified following the 
description introduced by Frauenfelder and co-workers93. A state is defined 
as a minimum in the energy surface, whereas a transition state is the 
maximum between the wells. The populations of the tier-0 states A and B 
(pA, pB) are defined as Boltzmann distributions based on their difference in 
free energy (∆GAB). The barrier between these states (∆G‡) determines the 
rate of interconversion (k). Lower tiers describe faster fluctuations between 
a large number of closely related substates within each tier-0 state. A change 
in the system will alter the energy landscape (from dark blue to light blue, 
or vice versa). For example, ligand binding, protein mutation and changes 
in external conditions shift the equilibrium between states. b, Timescale 
of dynamic processes in proteins and the experimental methods that can 
detect fluctuations on each timescale. 
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Residual Dipolar Couplings

tive state dynamics of globular proteins and inter-domain motions in multi-domain proteins

with flexible linkers without the necessity to deconvolute internal from over-all dynamics.

The presented approach thus enables the structural biology community to rigorously analyse

RDCs in terms of dynamic structural models in a unified and straight-forward fashion.

Analysis with rigid body assumption (Saupe formalism)Direct analysis through the Maximum Entropy Principle RDC experiment

5

Figure 1: Illustration of RDC data from three di↵erent perspectives, under aligning con-
ditions (yellow). Left: A joint distribution p(x,⌦b) of structure, x (grey), and magnetic
field orientation, ⌦b (red), is constructed via the Maximum Entropy Principle to model the
experimental RDC signal. Center: The experimental RDC data is described well by the
secular part of the heteronuclear dipolar interaction Hamiltonian, Dij, between two nuclear
spins i and j at strong magnetic fields.20 Here, ✓ij(x,b) (green) is the angle between the
unit inter-spin vector rij(x) (magenta), in the molecule x (grey), and an external magnetic
field, b (black). The inter-spin distance is denoted rij(x), while P

2

(x) = 3

2

x2 � 1

2

is the
second Lagrange polynomial and Dij

max

= �µ
0

�i�jh/8⇡3 with gyromagnetic ratios �i and �j
of the two nuclei, µ

0

the permeability of vacuum and Plancks constant, h. Right: The Saupe
formalism models the experimental RDC data through a rigid body assumption where, a
real, traceless and symmetric second rank order tensor S (navy) relates the alignment of the
internal coordinate frame of a molecule to an external magnetic field.

Theory

A Maximum Entropy approach to the analysis of RDC data

In the current context, the aim of modelling using the Maximum Entropy principle (MEP)

is to define a normalised probability density function which is the least biased with respect

to the force field, E(x), and agrees with observed experimental data.3–7,42 For RDCs, we can

construct such a distribution by applying MEP to the instantaneous expression of the RDC

4
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systems without additional 
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real, traceless and symmetric second rank order tensor S (navy) relates the alignment of the
internal coordinate frame of a molecule to an external magnetic field.

Theory

A Maximum Entropy approach to the analysis of RDC data

In the current context, the aim of modelling using the Maximum Entropy principle (MEP)

is to define a normalised probability density function which is the least biased with respect

to the force field, E(x), and agrees with observed experimental data.3–7,42 For RDCs, we can

construct such a distribution by applying MEP to the instantaneous expression of the RDC

4

Tensors can be difficult to 
define, in particular for flexible 
systems without additional 
assumptions.
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Figure 3: (a) Schematic illustration of pincer angle ✓ (red) between the center of mass
of domains A and B interconnected by a hinge domain. The domains are defined by C↵
atoms of residues (111-114), (80-84, 90-93) and (44-45, 51-52) for domain A, hinge and B,
respectively. (b) 2-dimensional contour plot of the probability density distribution of ✓ and
C↵ radius of gyration, Rg, in the Maximum Entropy restrained simulation. Scatter points
illustrate apo (pink upward-pointing triangles) and holo (green downward-pointing triangles)
forms of Lysozyme deposited in the protein data bank.

eters � and s stabilizes after approximately 50 estimation steps. Due to the relatively

anisotropic shape of sFkpA the degree of alignment parameters s (0.55% and 0.39%) are

approximately 30% to 100% larger than those observed for Lysozyme.60 From step 60 and

on we generate a production ensemble with average Q-factor suggesting excellent agreement

(Q
average

= 0.06) between the generated conformational ensembles and the experimental data

(Supporting Figure 5). We find that the two C-terminal binding domains undergo significant

uncorrelated motions with respect to the N-terminal dimerisation domains, (Figures 4 and

5).

Since sFkpA is a symmetric homodimer the RDC data used here is an average of the

two chains as they have degenerate chemical shifts. Therefore, we use the same datasets to

restrain each of the chains in the dimer. Thus, we have an internal litmus test of convergence:

agreement of the Lagrange multipliers obtained in each of the independent chains. The

correlation coe�cient of the Lagrange multipliers obtained in the two chains is 0.99 for the

data obtained in both of the alignment media considered here. Similarly, the degree of
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Comparison of pincer angle distribution in Lysozyme 
with previous studies
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tional fluctuations of considerably smaller amplitude than those
considered here.

■ CONCLUSIONS
We have described a procedure to incorporate RDC data as
replica-averaged structural restraints in molecular dynamics
simulations to determine a highly heterogeneous conforma-
tional ensemble of a protein. Although the present investigation
has been focused on the conformational properties of hen
lysozyme, the method that we have discussed is general and can
be used to study the equilibrium dynamics of other proteins on
the millisecond time scale. This type of approach should
therefore be capable of providing an accurate representation of
the conformational fluctuations of a variety of proteins in
solution under a range of different conditions.
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Figure 4. Characterization of the breathing motions in hen lysozyme.
(a) Comparison of distributions of the pincer angle, θ, for the two sets
of structures of lysozyme available in the Protein Data Bank (PDB),
representing the free (blue) and bound (orange) states, respectively.
Dashed red lines highlight three zones with small, intermediate, and
large values of the pincer angle, θ. The free structures in the PDB
populate only the intermediate angles, whereas the bound structures in
the PDB populate also small and large angles. Representative protein
complexes (1ri8 and 1zmy) of hen lysozyme are shown by red and
green ribbons for hen lysozyme and the binding partners, respectively.
(b) Distribution of the angle θ in the ensemble of conformations
representing the free state of hen lysozyme, as determined in this work
using RDCs as replica-averaged structural restraints in molecular
dynamics simulations. The dashed red lines are the same as in panel a.
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Estimation of Lagrange multipliers and degree of alignment 
parameters: Comparison of estimated Lagrange multipliers

that Q
free

values are systematically larger than their corresponding Q
work

values, see Table 3.

However, there are no signs of overfitting as we do not see any systematic increases in the

Q
free

statistics as a function of the estimation step (see Supporting Figure 2b-f). Comparison

of agreement of 3J-coupling data back-calculated from the cross-validation ensembles with

the experimental data shows that agreement in general is inferior to that of the ensemble

generated using the full dataset. Lagrange multipliers and degree of alignment parameters

estimated using the full dataset and those computed from the cross-validation estimation

correlate surprisingly well, see Figure 2 and Supporting Table 1.

− . 4 − . 2 0.00 0.02
FULL
ij (s)

0.04

0.02

0.00

0.02

C
V

ij
(s

)

7.5% CTAB doped bicelles

= 0.98

0.02 0.01 0.00 0.01 0.02
FULL
ij (s)

0.02

0.01

0.00

0.01

0.02

C
V

ij
(s

)

5% bicelles

= 0.98

0.03 0.02 0.01 0.00 0.01 0.02
FULL
ij (s)

0.03

0.02

0.01

0.00

0.01

0.02

C
V

ij
(s

)

ether/CTAB

= 0.98

0.02 0.01 0.00 0.01 0.02 0.03 0.04
FULL
ij (s)

0.02

0.01

0.00

0.01

0.02

0.03

0.04

C
V

ij
(s

)

ether/La3+

= 0.97

0.04 0.02 0.00 0.02 0.04
FULL
ij (s)

0.04

0.02

0.00

0.02

0.04

C
V

ij
(s

)

CpBr/hex/NaBr

= 0.98

0.02 0.00 0.02 0.04 0.06
FULL
ij (s)

0.02

0.00

0.02

0.04

0.06

C
V

ij
(s

)

C12E6/hex

= 0.96

0.02 0.01 0.00 0.01 0.02 0.03
FULL
ij (s)

0.02

0.01

0.00

0.01

0.02

0.03

C
V

ij
(s

)

7% acrylamide gel

= 0.97

0.06 0.04 0.02 0.00 0.02 0.04
FULL
ij (s)

0.06

0.04

0.02

0.00

0.02

0.04

C
V

ij
(s

)

Pf1

= 0.99

Figure 2: Comparison of Lagrange multipliers estimated using a five fold cross validation
(�CV

ij ) and the corresponding values generated using the full data set (�FULL

ij ) for each of the
eight alignment media with data on Lysozyme considered herein. Correlation coe�cients
(⇢) of the series are inset in the upper left corner of each subplot. The errorbars denote
the standard deviation of the mean of each Lagrange multiplier as computed using the four
independent estimates obtained in the five fold cross validation.

Finally, we characterise our ensemble in terms of a ’pincer’-motion (see Figure 3) as

described previously.14 The distribution of this angle, ✓, is in qualitative agreement with one

previous reports.14 However, our ensemble suggests that a slightly wider spectrum of pincer

angles is sampled while agreeing with 3J-coupling data either on par14 or better agreement

when compared to other models (Table 2). Additionally, we compared free and antibody

12



Quantitative validation of Lysozyme models

bound states of Lysozyme deposited in the Protein Data Bank in terms of ✓ and their radius

of gyration, Rg. The antibody bound forms of Lysozyme cluster in two discrete classes, one

which is similar to the apo-forms, and one which appears to be a closed state (Figure 3B).

Conformations similar to both states are consistently sampled in our molecular dynamics

simulations using the full dataset, either of the five cross-validation datasets or only the

Amber03 forcefield (see Figure 3B and Supporting Figure 4) – However, the unrestrained

simulation samples an overly wide distribution of the pincer-angle, which could also explain

the inferior agreement with experimental data.

Table 2: Quantitative evaluation of Lysozyme models

- Current study 1E8L51 DeSimone� Amber03
3JH↵�HN 58 (RMSD, Hz) 0.954/ 0.95‡ 1.324/ 1.36‡ 0.67 / - 1.284/ 1.40‡

H-N RDCa (Q) 0.036 0.079† 0.171 0.534†

H-N RDCb (Q) 0.048 0.082† 0.142 0.554†

H-N RDCc (Q) 0.042 0.355† 0.138 0.562†

H-N RDCd (Q) 0.072 0.279† 0.184 0.518†

H-N RDCe (Q) 0.045 0.340† 0.221 0.586†

H-N RDCf (Q) 0.046 0.324† 0.159 0.58†

H-N RDCg (Q) 0.064 0.443† 0.219 0.552†

H-N RDCh (Q) 0.076 0.355† 0.196 0.518†

a alignment media: 7.5% CTAB doped bicelles
b alignment media: 5% bicelles
c alignment media: ether/CTAB
d alignment media: ether/La3+
e alignment media: CpBr/hex/NaBr
f alignment media: C12E6/hex
g alignment media: 7% acrylamide gel
h alignment media: Pf1
� All values are as reported in14

† Computed using ensemble averaged SVD16

4 Computed using least-squared fitting as described in.59
‡ Computed using Karplus parameters reported described in.59

Refining dynamic models of intra- and inter-domain flexibility

The tensor-free formalism presented here is independent of separation of internal and over-all

dynamics which is known to often hamper analysis of data on flexible system such as multi-

13

Q-factors and rms values were computed using the last 50 steps of the trajectories shown above

Table 3: Average violations of 523 backbone-backbone NOE derived distance restraints in
seven ensembles of Lysozyme. The p-values of the unrestrained (No data) and restrained with
all data (All data) are computed relative to a null-hypothesis defined by the cross-validation
ensembles (CV1...5)

Model Mean violation (Å) p-value
CV1 0.1711 -
CV2 0.1681 -
CV3 0.1645 -
CV4 0.1682 -
CV5 0.1671 -
No data 0.1792 5.993 · 10�7

All data 0.1592 10�4
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of domains A and B interconnected by a hinge domain. The domains are defined by C↵
atoms of residues (111-114), (80-84, 90-93) and (44-45, 51-52) for domain A, hinge and B,
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forms of Lysozyme deposited in the protein data bank.
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So what?

can't we already do this within the Saupe formalism?



Taking it a step further

Analysing inter-domain motion in sFkpA - a multi-domain 
protein with a flexible linkers

alignment parameters are both within a 8% relative error of each other in the two chains.

Figure 4: Top view of sFkpA with a schematic illustration of the inter-domain flexibility
measures used to assess qualitative agreement of the sFkpA ensemble with NMR relaxation
data in Helix III. Each of the two chains (A,B) in are highlighted with cyan and purple
colors, respectively. ✓

A

and ✓
B

are defined as the angles between vectors spanned by the
center of mass between C↵-atoms of residues 14-84 of chain A and B and residues 85-224 in
chain A and B, respectively. Small side view render of sFkpA is shown in the lower right
corner.

Discussion

We present a framework to analyse RDC data independently of the definition of alignment

tensors and a separation of internal and overall dynamics. Consequently, we may rigorously

treat data recorded on dynamically disparate systems in a unified manner. Briefly, the

framework is quantitatively summarized in the equations 2 and 4, and e↵ectively constitutes

a probability density function based on a molecular mechanics forcefield and a weighted

sum of angular terms coupling inter-atomic spin vectors rij(x) to an external magnetic field,

b. The approach is devoid of prior assumptions beyond the common: the observed data

represents an average quantity, equation 1 realistically describes the experimental data and

finally the alignment is partial and thus only a fraction of the molecules are aligning.
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Resulting ensemble of sFkpA
a b

Figure 5: Illustration of uncorrelated motion observed in the sFkpA ensemble generated in
the present study. a) scatterplot of the cosines of angles ✓

A

and ✓
B

as defined in Figure 4.
Inset value (⇢) is the computed Pearson’s correlation coe�cient using 100 randomly selected
structures from the full ensemble. b) Ray-trace rendering of 50 randomly selected structures
from the sFkpA ensemble, with the dimerisation domains are shown in grey and the catalytic
domains are shown with a diverging color gradient.

rigid proteins. We anticipate the approach to extend beyond the type of systems addressed

here and, in particular, excel for very flexible systems where deconvolution of internal and

over-all motion is not possible.

The method has been implemented in the freely available open source frameworks for

molecular simulations almost

46 and phaistos

64 as well as the PLUMED2-framework.65 We

have made a number of example scripts publicly available which should make it easy for the

scientific community to adopt the presented methodology at https://github.com/cavallilab/meprdc.
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In qualitative agreement with 
complementary NMR relaxation data

A S-protein and reduced and carboxymethylated bovine
R-lactalbumin (RCM-la) (3, 4) as partially folded protein
substrates. In comparison with RCM-la, S-protein appears
not only to satisfy all aforementioned conditions, but is
available in 13C, 15N-labeled form (manuscript in prepara-
tion), so that some insight on the chaperone function can be
obtained by observing the substrate.
The response of FkpA to titration of protein substrates is

monitored via an index of cumulative changes in 1H and
15N chemical shifts (22). Significant perturbations in the
electronic environment of reporter spins of residues Val 142,
Val 143, Asp- 157, Phe 168, Arg+ 169, Val 205, and Gly
207 caused by binding of both RCM-la and S-protein are
observed (Figure S.2, Supporting Information). In table S.4
A and B, the residues are listed in descending order according
to the calculated chemical shift changes upon addition of
equimolar RNase A S-protein or RCM-la. Most of the
affected residues are hydrophobic and line the inner surface
of the V-shaped molecule of sFkpA (Figure 5). These
residues form two spatially close groups, as shown in
magenta on the right monomer in Figure 5. The first one
consists of Val 205 and Gly 207, which are believed to be
involved in hydrophobic interaction with inhibitors of PPIase
activity (2). The second group includes Val 142, Val 143,
Asp- 157, and Phe 168/Arg+ 169 (for substrates RNase A
S-protein/ RCM-la, respectively). Residues Val 142, Val 143,
and Phe 168 probably form a second hydrophobic interaction
patch with substrates, and Asp- 157 and Arg+ 169 are likely
to be involved in electrostatic interactions with some residues
on the surface of the substrates. In a complex with S-protein,
residues Asn 99, Lys+ 102, Gly 103 and Glu- 105 show
significant chemical shift changes, which are not observed
in interactions with RMC-la. These residues, situated in the
long R-helix arm (helix III) form another direct binding site
for the substrate RNase A S-protein or as a result of a

conformational change in sFkpA induced by initial binding
of the substrate to the catalytic (FKBP) domains of the
chaperone.
To address the residue-specific binding properties of

sFkpA and S-protein quantitatively, chemical shift changes
for residues Asn 99, Lys+ 102, Asp- 157, Phe 168, Val 205,
and Gly 207 chosen from the three groups mentioned above
(Table S.4 C, Supporting Information) are used to extract
the residue-specific association constants (Ka). Because only
a single set of NMR signal peaks is observed for the mixture
of S-protein and sFkpA, we conclude that under the
conditions studied free and substrate-loaded forms of sFkpA
are in fast exchange. For two site exchange, a nonlinear fit
of the residue-specific chemical shift change ∆δ at corre-
sponding volume V of added substrate RNase A S-protein
yields residue-specific Ka values as well as the corresponding
∆δmax (23). The obtained Ka values for residues Asp- 157,
Phe 168, Val 205, and Gly 207 are close to an average value
of Ka ) 18.5 mM-1, indicating that these residues are
involved in a single binding event on the surface of sFkpA.
When binding with S-protein, sFkpA may possess a second
binding site located on the long R-helix arm (helix III)
consisting of Asn 99, Lys+ 102, Gly 103, and Glu- 105, or
alternatively, these changes might be induced by propagating
of structural perturbations from the primary binding site. The
difference in binding sites of sFkpA in complex with RNase
A S-protein and its complex with RCM-la observed in our
NMR experiments clearly indicates the commonality of the
two substrates binding sites, which can serve as an explana-
tion of previously reported ambiguities (2, 4).
One of the main functions of sFkpA might be to prevent

aggregation of substrate polypeptide. Indeed, we directly
observed that sFkpA prevents oligomerization of RNase A
S-protein. The effect of sFkpA-chaperone on the oligomeric
states of S-protein was studied using 15N-labeled S-protein

FIGURE 3: Plots of (A) R1, (C) R2, and (E) 1H {15N}-heteronuclear NOE of free sFkpA and (B) R1, (D) R2, and (F) 1H {15N}-heteronuclear
NOE of sFkpA in a 1:4 complex with S-protein versus residue number. Horizontal lines represent the average relaxation rates for the
residues 10-91 and 92-220, respectively. The secondary structure elements are shown on the top, in which solid lines represent R-helix
and arrows are " sheets.
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and unlabeled sFkpA. The 1H-15N-correlation spectra of
S-protein measured at different protein concentrations and
temperature exhibit significant resonance line-broadening and
show features of partial unfolding already at room temper-
ature (also observed by CD, fluorescence (24), and DSC (25)
techniques). Around 20 amide moieties situated in structured
regions of S-protein exhibit more than one cross-peak per
amide moiety with a small difference in chemical shift
between the two resonances. This heterogeneous appearance
of spectra is attributed to a slow (on the NMR chemical shift
time scale) exchange between monomeric and different
associated oligomeric states of S-protein in solution with the
dimeric form of S-protein likely contributing the most to the
intensity of the resonances attributed to oligomeric forms.
A majority of the observed backbone resonances of 13C, 15N-

labeled S-protein were assigned using a set of triple
resonance NMR spectra (manuscript in preparation). Upon
dilution of S-protein, a gradual decrease of cross-peak
intensities corresponding to the oligomeric states of S-protein
is observed in proportion to the decrease of protein concen-
tration (Figure S.3, Supporting Information). This effect can
be quantitatively described by a two-site dimerization reac-
tion with a dimerization constant Kd of approximately 2 ((1)
mM-1 (data not shown).
In the presence of sFkpA, a 3- to 4-fold decrease of relative

intensities of cross-peaks stemming from oligomeric species
of S-protein is observed (Figure 2), which is equivalent to
ca. 10-fold dilution of S-protein. A hypothesis that binding
of S-protein by sFkpA simply sequesters S-protein from
solution resulting in an effective decrease of its concentration

FIGURE 4: Correlation between the experimental residual dipolar couplings, RDCexp, and calculated residual dipolar couplings RDCcalc
based on different alignment tensor fitting models for the C-terminal domain (residues 116 - 224) (A-C) and N-terminal domain (residues
18-112) (D-F) of sFkpA measured in the presence of Pf1 filamentous bacteriophage. (A and D) Fitting experimental data to a single
alignment tensor using a rigid dimer molecular model derived from the X-ray structure (2); (B and E) and (C and F) fitting experimental
data using atomic coordinates of either the monomer l or monomer r from the X-ray structure as a molecular model, respectively.

FIGURE 5: The model of “mother’s arms”, illustrating the mechanism of chaperone function of sFkpA using MOLMOL (37). The curved
double arrows indicate the flexibility in the long R helix which allows sFkpA to adapt to different substrates. In the two orthogonal views,
the chaperone-activity related binding interface of the sFkpA dimer is shown in magenta on the left monomer and residues showing chemical
shift perturbation upon addition of both RNase A S-protein and RCM-la are highlighted in magenta on the right monomer. The ! strands,
present in the C-terminal domains are shown in light blue, and helical regions are colored red and yellow.
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Summary of part 1
• A new, tensor-free method for direct analysis of 

residual dipolar coupling data. 

• Parameter estimation is tractable, stable and 
possible regardless of whether a clear separation 
of internal and overall dynamics is. 

• Guarantees not only the least biased inference - 
but also self consistency
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ABSTRACT: Residual dipolar couplings (RDCs) are important
probes in structural biology, but their analysis is often complicated
by the determination of an alignment tensor or its associated
assumptions. We here apply the maximum entropy principle to
derive a tensor-free formalism which allows for direct, dynamic
analysis of RDCs and holds the classic tensor formalism as a
special case. Specifically, the framework enables us to robustly analyze data regardless of whether a clear separation of internal
and overall dynamics is possible. Such a separation is often difficult in the core subjects of current structural biology, which
include multidomain and intrinsically disordered proteins as well as nucleic acids. We demonstrate the method is tractable and
self-consistent and generalizes to data sets comprised of observations from multiple different alignment conditions.

■ INTRODUCTION
The function of biomolecules is dictated by their ability to
change shape over the course of time, that is, their dynamics.1

This has been observed experimentally for a number of
fundamental processes in biology including molecular recog-
nition.2 In recent years, there have been many significant
advances in our understanding of biomolecular dynamics as
well as important methodological contributions.3−8 Still,
reports of experimental characterization of biomolecular
dynamics at the atomic level remain a rare feat in structural
biology.9,10 Typically, biomolecular dynamics span several
spatial and temporal orders of magnitude. Nuclear magnetic
resonance spectroscopy (NMR) uniquely provides a wealth of
complementary and exquisitely detailed molecular probes
which collectively cover most of the time scales relevant to
biomolecular dynamics.11 Residual dipolar couplings (RDCs)
constitute one of these, broadly applicable to study structure
and dynamics in biological macromolecules.2,7,12−19 RDCs are
measurable given an effective average orientation, or alignment,
with respect to an external magnetic field (Figure 1, center).20

Alignment may be achieved by dissolution in a nematic phase
solvent21 or by strong inherent anisotropic magnetic suscept-
ibility.22 Often it is possible to acquire multiple sets of RDCs
for the same system by changing the experimental conditions,
yielding different alignments21−24 and thus complementary
experimental measurements.
Analysis of RDC data in terms of dynamic models is often

hampered by the assumption that the studied systems are rigid
bodies. This assumption has its origin in the formalism
pioneered by Saupe.25 At its core, the formalism has a tensor,
S, which describes the degree of order, or alignment, of a
molecular frame with respect to an external magnetic field
(Figure 1, right). Interestingly, many groups have found the

tensor framework to approximate well cases where the aligning
body is not strictly rigid;14,26 this includes multidomain
proteins with flexible linkers27 and disordered proteins.18,28

However, a number of significant difficulties arise when applied
in such cases. First, additional assumptions are often necessary.
For globular systems it is assumed that it is possible to separate
internal and overall motion.20 For flexible systems, it is assumed
that the system is composed of multiple independently aligning
segments,29 and/or it consists of a mixture of states with
different alignment properties.18,30 Apart from assessing the
validity of these assumptions, it is also difficult to gauge exactly
when these break down. The second challenge involves the
determination or prediction of physically meaningful alignment
tensors, which is not always possible,31 in particular, for highly
flexible systems. Consequently, it will be a distinct advantage to
mitigate these assumptions and technical difficulties.
With the increasing interest in dynamics in structural biology,

the field has witnessed a resurgence of the maximum entropy
principle (MEP) the last years.3−7 The application of MEP to
analyze NMR data has a long history in chemical physics, which
includes biasing simulations of small organic compounds.32−38

In structural biology, this principle allows us to derive
probability distributions of biomolecular structure from
experimental observations of average quantities. This is
tremendously useful as it enables us to reconstruct the complex
free energy landscape of biomolecules by simply observing their
average behavior along a number of experimental coordinates.
While MEP like all modeling approaches does not guarantee a
true solution, it provides the least biased solution given the
available information.39 Consequently, MEP has already seen a
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probed by NMR relaxation dispersion.
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The emergence of models of ultra-long time-scale molecular dynam-
ics enables the means of probabilistic models of kinetics or special-
purpose supercomputers are slowly closing the gap between kinetic
and equilibrium experimental observables.
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A llostery and other key phenomena in molecular biology
are characterized by their concerted, dynamic nature.

Obtaining atomic-scale descriptions of these phenomena pro-
vides the foundation for a mechanistic understanding and may
in turn inform rational strategies for pharmaceutical inter-
vention. Nuclear magnetic resonance spectroscopy (NMR)
uniquely provides atomic resolution probes sensitive to these
phenomena through specifically tailored experiments. In par-
ticular the class of NMR experiments referred to as relaxation
dispersion (RD) experiments have proven particularly power-
ful in describing concerted, dynamic changes in protein struc-
ture.

Theory
In the fast-exchange limit the exchange contribution Rex

2

to
the spin-spin relaxation rate R

2

may according to Redfield-
theory be expressed in terms of the auto-correlation function
g(⌧) (Abragam, 1961),

Rex

2

= (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧). [1]

This theory may be readily extended to describe the quench-
ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),

Rex

1⇢,SL(⌫1) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) cos(2⇡⌫
1

⌧) [2]

and CPMG type (Xue et al, 2011),

Rex

1⇢,CPMG(⌫CP

) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) tri(2⇡⌫
CP

⌧). [3]

relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
mX

i=2

ci exp(�⌧/⌧ ex

i ), [4]

where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and

⌧ ex

i = � ⌧

log |�i|
, ci = (f · ri)(li · f) [5]

where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),
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[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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In the fast exchange regime

The chemical exchange contributes to the transverse 
relaxation as:
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Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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al., 2011),

g(⌧) = (fT⇡)2 +
mX

i=2

ci exp(�⌧/⌧ ex

i ), [4]

where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and

⌧ ex

i = � ⌧

log |�i|
, ci = (f · ri)(li · f) [5]

where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),

Rex

1⇢,SL(⌫1) = (2⇡⌫
0

)2

0

@
mX

i=2

ci
⌧ ex

i

1 + (
⌧ex

i
⌫
1

)2

1

A , [6]

Rex

1⇢,CPMG(⌫CP

) = (2⇡⌫
0

)2
 

mX

i=2

ci⌧
ex

i

✓
1� ⌧ ex

i ⌫
CP

tanh
1

⌫
CP

⌧ ex

i

◆!
.

[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
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ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),

Rex

1⇢,SL(⌫1) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) cos(2⇡⌫
1

⌧) [2]

and CPMG type (Xue et al, 2011),

Rex

1⇢,CPMG(⌫CP

) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) tri(2⇡⌫
CP

⌧). [3]

relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
mX

i=2

ci exp(�⌧/⌧ ex

i ), [4]

where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and

⌧ ex

i = � ⌧

log |�i|
, ci = (f · ri)(li · f) [5]

where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),

Rex

1⇢,SL(⌫1) = (2⇡⌫
0

)2

0

@
mX

i=2

ci
⌧ ex

i

1 + (
⌧ex

i
⌫
1

)2

1

A , [6]

Rex

1⇢,CPMG(⌫CP

) = (2⇡⌫
0

)2
 

mX

i=2

ci⌧
ex

i

✓
1� ⌧ ex

i ⌫
CP

tanh
1

⌫
CP

⌧ ex

i

◆!
.

[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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Abstract

The impact of studying protein dynamics in supercooled water for identifying slow motional modes on the µs time
scale is demonstrated. Backbone 15N spin relaxation parameters were measured at −13 ◦C for ubiquitin, which
plays a central role for signaling proteolysis, cellular trafficking and kinase activation in eukaryotic organisms.
A hitherto undetected motional mode involving Val 70 was found, which may well play an important role for
ubiquitin recognition. The measurement of rotating frame 15N relaxation times as a function of the spin-lock field
allowed determination of the correlation time of this motional mode, which would not have been feasible above
0 ◦C.

Abbreviations: NMR – nuclear magnetic resonance; r.f. – radiofrequency; CPMG – Carr-Purcell-Meiboom-Gill;
NOE – nuclear Overhauser effect; T1 – longitudinal spin-lattice relaxation time; T2 – transverse spin-spin relaxation
time; T1ρ – transverse spin relaxation time in the rotating frame; CW – continuous wave.

Many biological processes occur on the µs to ms
time scale. This suggests that internal motions of
proteins on that time scale may well be linked to func-
tion (Feher and Cavanagh, 1999; Ishima and Torchia,
2000; Volkman et al., 2001). NMR spectroscopy is
uniquely suited to determine the correlation times, τex,
of such modes in solution. Particularly powerful are
measurements of 15N spin relaxation times in the ro-
tating frame as a function of either (i) the CW r.f.
spin-lock frequency ω1 (Szyperski et al. 1993), (ii)
the delay between the 180◦ r.f. pulses of a CPMG
pulse train (Orekhov et al., 1995), or (iii) the 15N r.f.
carrier frequency in a constant relaxation time experi-
ment (Akke and Palmer, 1996). We recently proposed
NMR-based structural biology in supercooled water
(Skalicky et al., 2000, 2001). Here we present the first
spin relaxation study of a protein dissolved in super-
cooled water and show that this allows one to obtain
novel insights into protein dynamics.

∗To whom correspondence should be addressed. E-mail:
szypersk@chem.buffalo.edu

The interpretation of a T −1
1ρ (ω1) versus ω1 pro-

file does not depend on a particular spatial motional
model. It suffices to consider the number of ex-
changing states, their populations and their chemical
shifts. For a two-site exchange, T −1

1ρ (ω1) is given by
(Sandström, 1982; Szyperski et al., 1993):

1
T1ρ

= PAPB!"2 1

1 + (ω1τex)
2 + 1

T
D/CSA
1ρ

(1)

where !" is the shift difference between the two
states A and B, Pi is the population of state i, ω1 is the
spin-lock frequency, τex is the correlation time of the
exchange process, T1ρ is the spin relaxation time in the
rotating frame, and TD/CSA

1ρ is the r.f. independent T1ρ.
A fit of Equation 1 to experimental data yields τex,
T

D/CSA
1ρ and PAPB!"2. Determination of τex requires

(i) that ω1 is varied around τ−1
ex , and (ii) that the magni-

tude of PAPB!"2 ensures a sufficiently large change
of T1ρ(ω1) with varying ω1. Current hardware affords
up to ω1 ∼25 000 rad s−1, i.e., the shortest measurable
τex is ∼40 µs. Faster motions can hardly be (quanti-
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Figure 3. T −1
1ρ of 15N of Val 70 versus the spin-lock frequency,

ω1, determined at T = −13 ◦C. The solid curve represents the fit of
Equation 1 to the experimental data (!). Vertical bars represent the
experimental errors.

1997; Wand, 2001). Both our study and the dynamic
interpretation of residual dipolar couplings (Meiler
et al., 2001) indicate that an important fraction of
internal modes may escape detection in routine 15N
relaxation studies. Indeed, the residual dipolar cou-
pling measured for the N-H moiety of Val 70 (Ottiger
and Bax, 1998) revealed a so far unexplained devia-
tion from the value predicted from the X-ray crystal
structure, and it seems likely that this is due to the
motional mode characterized here in supercooled wa-
ter. Interestingly, a deviation from the predicted value
has also been detected for the anisotropy of the car-
bonyl chemical shift of Val 70 (Cornilescu and Bax,
2000). Furthermore, the determination of activation
parameters for a given τex as described by Blackledge
et al. (1993) could likewise be pursued in supercooled
water and would then allow one to calculate the cor-
responding correlation time at ambient temperature.
Overall, we conclude that studies in supercooled water
can enhance our understanding of protein dynamics
and its role for function (Akke et al., 1998; Feher and
Cavanagh, 1999; Ishima and Torchia, 2000; Volkman
et al., 2001).
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We have to start with a model of the kinetics

experiments are most often used to characterize slower,
millisecond time scale chemical exchange processes. The
effective field strengths typically employed in R1F relaxation
experiments are of the order of 1-6 kHz, although weaker
fields can be utilized to provide overlap with the CPMG
experiment;7,8 consequently, R1F experiments are most often
used for faster microsecond time scale chemical exchange
processes. Although these techniques have been in use for
many years, a number of advances in theoretical descriptions,
experimental methods, and applications of R1F relaxation have
been developed recently.7-17 The purpose of this Review is
to provide a comprehensive description of theory, techniques,
and applications of R1F measurements to biomacromolecules.

2. Theory
Chemical exchange is a ubiquitous phenomenon in NMR

spectroscopy that mediates population transfer among lon-
gitudinal spin operators, affects line shapes in free-precession
NMR spectra, and, of particular interest in the following,
contributes to relaxation of magnetization spin-locked in the
rotating frame of reference.

2.1. Two-, Three-, and N-Site Chemical Exchange
Chemical exchange refers to one or more kinetic processes,

which may be intra- or intermolecular, that transfer nuclear
spins between environments with different local magnetic
fields. The most general kinetic scheme is

in which spins in N environments mutually exchange with
rate constants kij for the exchange from site i to site j. If any
of the kinetic reactions are not unimolecular, then the kinetic
rate constants in eq 1 are defined to be the appropriate
pseudo-first-order rate constants.5 The equilibrium site
populations are given by the solution to

in which P) [p1, p2, ..., pN]T, pi is the equilibrium population
of the ith site, the matrix of kinetic rate constants is

and the diagonal elements si are given by

A nuclear spin in the ith site or environment is characterized
by the resonance offset frequency, Ωi, and the intrinsic
relaxation rate constants, R1i and R2i. The intrinsic relaxation
rate constants result from dipole-dipole, chemical shift
anisotropy, and quadrupolar interactions in solution. These
interactions are modulated stochastically by overall rotational
tumbling on a time scale τm , 1/kij for all i and j.

Consequently, the effects of rotational tumbling and chemical
exchange are uncorrelated.1,18,19 Evolution of the density
operator for a spin system subject to chemical exchange is
described by the Bloch-McConnell or Stochastic Liouville
equations (SLE).12,20,21 For a single uncoupled spin in a
Cartesian basis, the Bloch-McConnell equations and SLE
are identical:

in which

Mi(t) ) [Mxi(t),Myi(t),Mzi(t)]T is the Cartesian magnetization
vector for spins in the ith site, which is understood to
represent the deviation of the magnetization from Boltzman
equilibrium;

ω1 is the amplitude of the spin-locking radio frequency (rf)
field, assumed without loss of generality to be applied with
x-phase; and 1s is the 3 × 3 identity matrix in the spin space.
If the differences between intrinsic relaxation rate constants

for the N sites are small compared to the kinetic rate
constants, that is |R1i - R1j| , kij and |R2i - R2j| , kij for
all i and j, then the site-specific intrinsic relaxation rate
constants can be replaced by the population-average values:

This assumption is valid for the situations normally inves-
tigated by R1F methods and will be made in the following;
violations of this assumption have been discussed.22
The general scheme has a number of illustrative special

cases. The starlike topology is

In this model, sites 2, 3, ..., N only exchange with site 1 and
not with each other. When N ) 3, the starlike topology
reduces to a linear three-site exchange model:

A1 {\}
k12

k21
A2; A1 {\}

k13

k31
A3; ...; Ai {\}

kij

kji
Aj; ...;

A(N-1) {\}
k(N-1)N

kN(N-1)
AN (1)

KP ) 0 (2)

si )∑
j)1
i*j

N

kij (4)

dM(t)
dt ) (L + Γ)M(t) (5)

Li ) [-R2i -Ωi 0
Ωi -R2i -ω1
0 ω1 -R1i ] (9)

Rh j )∑
i)1

N

piRji (j ) 1, 2) (10)

A1 {\}
k12

k21
A2; A1 {\}

k13

k31
A3; ...; A1 {\}

k1N

kN1
AN (11)

A2 {\}
k21

k12
A1 {\}

k13

k31
A3 (12)
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General N-state exchange:

Palmer & Massi, Chem Rev 2006, 106, 5, 1700-1719

experiments are most often used to characterize slower,
millisecond time scale chemical exchange processes. The
effective field strengths typically employed in R1F relaxation
experiments are of the order of 1-6 kHz, although weaker
fields can be utilized to provide overlap with the CPMG
experiment;7,8 consequently, R1F experiments are most often
used for faster microsecond time scale chemical exchange
processes. Although these techniques have been in use for
many years, a number of advances in theoretical descriptions,
experimental methods, and applications of R1F relaxation have
been developed recently.7-17 The purpose of this Review is
to provide a comprehensive description of theory, techniques,
and applications of R1F measurements to biomacromolecules.

2. Theory
Chemical exchange is a ubiquitous phenomenon in NMR

spectroscopy that mediates population transfer among lon-
gitudinal spin operators, affects line shapes in free-precession
NMR spectra, and, of particular interest in the following,
contributes to relaxation of magnetization spin-locked in the
rotating frame of reference.

2.1. Two-, Three-, and N-Site Chemical Exchange
Chemical exchange refers to one or more kinetic processes,

which may be intra- or intermolecular, that transfer nuclear
spins between environments with different local magnetic
fields. The most general kinetic scheme is

in which spins in N environments mutually exchange with
rate constants kij for the exchange from site i to site j. If any
of the kinetic reactions are not unimolecular, then the kinetic
rate constants in eq 1 are defined to be the appropriate
pseudo-first-order rate constants.5 The equilibrium site
populations are given by the solution to

in which P) [p1, p2, ..., pN]T, pi is the equilibrium population
of the ith site, the matrix of kinetic rate constants is

and the diagonal elements si are given by

A nuclear spin in the ith site or environment is characterized
by the resonance offset frequency, Ωi, and the intrinsic
relaxation rate constants, R1i and R2i. The intrinsic relaxation
rate constants result from dipole-dipole, chemical shift
anisotropy, and quadrupolar interactions in solution. These
interactions are modulated stochastically by overall rotational
tumbling on a time scale τm , 1/kij for all i and j.

Consequently, the effects of rotational tumbling and chemical
exchange are uncorrelated.1,18,19 Evolution of the density
operator for a spin system subject to chemical exchange is
described by the Bloch-McConnell or Stochastic Liouville
equations (SLE).12,20,21 For a single uncoupled spin in a
Cartesian basis, the Bloch-McConnell equations and SLE
are identical:

in which

Mi(t) ) [Mxi(t),Myi(t),Mzi(t)]T is the Cartesian magnetization
vector for spins in the ith site, which is understood to
represent the deviation of the magnetization from Boltzman
equilibrium;

ω1 is the amplitude of the spin-locking radio frequency (rf)
field, assumed without loss of generality to be applied with
x-phase; and 1s is the 3 × 3 identity matrix in the spin space.
If the differences between intrinsic relaxation rate constants

for the N sites are small compared to the kinetic rate
constants, that is |R1i - R1j| , kij and |R2i - R2j| , kij for
all i and j, then the site-specific intrinsic relaxation rate
constants can be replaced by the population-average values:

This assumption is valid for the situations normally inves-
tigated by R1F methods and will be made in the following;
violations of this assumption have been discussed.22
The general scheme has a number of illustrative special

cases. The starlike topology is

In this model, sites 2, 3, ..., N only exchange with site 1 and
not with each other. When N ) 3, the starlike topology
reduces to a linear three-site exchange model:
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k21
A2; A1 {\}
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k31
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kij

kji
Aj; ...;

A(N-1) {\}
k(N-1)N

kN(N-1)
AN (1)

KP ) 0 (2)

si )∑
j)1
i*j

N

kij (4)

dM(t)
dt ) (L + Γ)M(t) (5)

Li ) [-R2i -Ωi 0
Ωi -R2i -ω1
0 ω1 -R1i ] (9)

Rh j )∑
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N

piRji (j ) 1, 2) (10)
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A second linear three-site exchange model can be formulated
in which site 1 is located at the end of the linear chain,

rather than being central, as in the starlike topology. The
two-site exchange model is the simplest possible case and
the one most commonly applied:

Finally, if sites 2, 3, ..., N exchange sufficiently rapidly with
each other, relative to the exchange with site 1, then the
general N-site scheme is reduced to an effective two-site
system:

The properties of the effective site, A′2, are given by the
following:11

in which

2.2. Rotating-Frame Relaxation
By analogy to the laboratory-frame Bloch equations, R1F

is the relaxation rate constant for magnetization locked along
the direction of the effective field in the rotating frame, and
R2F is the relaxation rate constant for magnetization orthogo-
nal to the direction of the effective field in the rotating frame.
The rotating-frame relaxation rate constants contain contribu-
tions from Rh1 and Rh2 that result from transformation from
the laboratory frame to the rotating frame. This dependence
can be removed by measuring Rh1 and Rh2 independently. For
example, an effective transverse relaxation rate constant R2
is defined as

and the pure exchange contribution to R1F is given by23

in which the tilt angle in the rotating frame is23

the average resonance offset is23

and the average effective field in the rotating frame is23

A similar expression can be derived for R2F.12 The geo-
metrical relationship between the laboratory and tilted
reference frames is illustrated in Figure 1.
Theoretical expressions for rotating-frame relaxation rate

constants have been derived principally by two approaches.
When exchange is sufficiently fast, the Redfield approach
is valid, as introduced for exchange processes by Wenner-
ström.24 In the fast exchange limit, both R1F and R2F can be
calculated by this approach. For all exchange regimes, R1F
can be approximated from the Bloch-McConnell equation
or SLE, either in a time-domain or Laplace-domain formal-
ism, as introduced by Trott, Abergel, and Palmer.10 The
expressions for R1F derived below are summarized in Table
1. The approaches utilized for calculating rotating-frame
relaxation rate constants also can be used to obtain expres-
sions for laboratory-frame free-precession transverse relax-
ation rate constants for spins subject to chemical exchange
broadening.11,25
In the fast exchange regime, a general solution for N-site

exchange is12

in which λi and ui are the ith eigenvalue and eigenvector,
respectively, of the symmetrized matrix S-1ΓS, S is a
diagonal matrix with elements Sij ) δij pi1/2, and Ω is a
diagonal matrix with elements Ωij ) δijΩi. For the linear

A1 {\}
k12

k21
A2 {\}

k23

k32
A3 (13)

A1 {\}
k12

k21
A2 (14)

A1 {\}
k′12

k′21
A′2 (15)

k′12 )∑
i)2

N

k1i (16)

k′21 )∑
i)2

N

Riki1 (17)

L′2 )∑
i)2

N

RiLi (18)

Ri ) pi/∑
j)2

N

pj ) pi/(1 - p1) (19)

R2 ) R1F/sin
2 θ - Rh1/tan

2 θ (20)

Rex ) R1F/sin
2 θ - Rh2 - Rh1/tan

2 θ (21)

tan θ )
ω1

Ωh
(22)

Figure 1. Geometric representation of the laboratory and tilted
reference frames. The relative orientation of the laboratory frame
(Sx, Sy, Sz) and of the tilted rotating frame (S′x,S′y,S′z) is given by the
tilt angle θ. The tilted rotating frame is defined for each spin. The
orientation of S′z is parallel to the average effective field, ωe. The
orientations of the effective fields of the two exchanging sites ωe1
and ωe2 are given by θ1 and θ2, respectively.

Ωh )∑
i)1

N

piΩi (23)

ωe ) (Ωh 2 + ω1
2)1/2 (24)

R1F ) Rh1 cos
2 θ + Rh2 sin

2 θ + sin2 θ∑
i)2

N |〈u1|Ω|ui〉|
2λi

λi
2 + ωe

2

(25)
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Simpler 2,3 state exchange

tractable  
but still often underdetermined, 

Generally not tractable 

kex ¼ k1 þ k#1 þ k2 þ k#2;

Z ¼ k2
ex # 4B

! "1=2
;

B ¼ k#1k#2 þ k1k#2 þ k#1k2;

/2;/3f g ¼ #j3a1 þ a2ð Þ; j2a1 þ a2ð Þf g=Z;

a1 ¼ papb Xb # Xað Þ2 þ pbpc Xc # Xbð Þ2 þ papc Xc # Xað Þ2;

a2 ¼ pa k1 Xb # Xað Þ2 þ k2 Xc # Xað Þ2
h i

;

and

pa ¼ k#1k#2=B; pb ¼ k1k#2=B; pc ¼ k#1k2=B.

In the limit where the kinetic timescales for the two
exchange processes differ by at least an order of magnitude,
the exchange contributions for each process can be treated
independently and j2 & k2 + k#2 and j3 & k1 + k#1. Out-
side the fast limit, a numerical solution to the three-site
exchange problem is necessary [8,24].

2.2. Exchange scenarios

We considered eight different cases of exchange in two
major categories: two-site and three-site exchange. For
two-site processes, we treated a single amino-acid residue
undergoing either (1) slow (kex < Dx), (2) intermediate
(kex ' Dx), or (3) fast (kex > Dx) exchange. In these three
cases, it was assumed that dispersion data were collected
at only a single value of the static magnetic field. An addi-
tional single-field scenario was treated in which (4) three
separate amino-acid residues undergo a global exchange
process, meaning they share common values of kex and
pa, while Dx and R0

2 are allowed residue-specific values.
The benefits of collecting R2(scp) dispersion data at mul-

tiple static magnetic fields are in the increased size of the
data set to be fit and, most importantly, in the reduction
of parameter correlations due to the distinct field-depen-
dencies of parameters. We assessed the extent of this bene-
fit for test cases in which R2(scp) dispersion data is available
from (5) two and (6) three static magnetic fields, both for
single-residue exchange. Here, Dx and R0

2 are constrained
by their field dependence, e.g., Dx at a field with
800 MHz 1H frequency was restricted to (800/500 ' 1.6)
times the value at 500 MHz.

In our second major category, three-site linear exchange,
we treat a single residue in fast exchange and consider the
quality of results obtained assuming data is available from
(7) two and (8) three field values. Here, the exchange was
defined by parameters chosen for their similarity to those
obtained in a recent characterization of three-site exchange
[24]. Expressing each in units of s#1, these are: k1 = 10,
k2 = 100, k#1 = 1000, and k#2 = 10,000, which yields
kex ' 11,000, and (Xb # Xa) = 250, (Xc # Xb) = 500, and
(Xc # Xa) = 750. These values correspond to j2 = 10,100,
j3 = 1010, /2 = 2425, and /3 = 203, and were used to sim-
ulate dispersion curves at fields corresponding to 500, 600,
and 800 MHz 1H frequency using Eq. (8).

2.3. Generation of synthetic data

For each of the eight test cases just presented, we gener-
ated 1000 synthetic R2(scp) data sets using common
exchange parameters and experimental conditions and
modified each set by incorporating random errors in the
R2(scp) values. Error values were selected from a Gaussian
noise distribution with full width at half max at 5% of a
given R2(scp). Each of the 1000 case-specific sets included
12 error-incorporated R2(scp) values, where scp ranged
between 714 ls and 65.0 ms (mcpmg = (1/scp) ' [1400–
15 s#1]) to reflect experimentally practical values for 15N
relaxation experiments on state-of-the-art NMR
spectrometers.

2.4. Statistical analyses of synthetic results

2.4.1. Nonlinear least-squares fitting
To assess the quality of exchange parameters that can

be expected from experimental data, we fit Eq. (2), the
two-site full-exchange expression and Eq. (8), the three-
site fast-exchange expression to each of the 1000 case-
specific synthetic R2(scp). Histogramatic display of the
fit results reveals the parameter vales that may appear
to characterize an exchange event, regardless of the true
dynamics of that event. Nonlinear least-squares fits were
executed using Prism 4.0 (GraphPad Software) and were
constrained so that (1) 0.8 6 pa 6 1.0 (i.e., pa( pb), (2)
R0

2 > 10 s#1, (3) kex > 100 s#1, and (4) Dx > 50 s#1 for
two-site exchange. The R0

2 constraint is reasonable for
15N nuclei in a macromolecule with rotational correla-
tion time > 3 ns, while limitations on pa, kex, and Dx
avoid parameter values that do not yield practically
observable dispersion or that represent less-common
physical conditions (e.g., pa < 0.8). Similar constraints
were placed on analogous parameters in the three-site
exchange process.

2.4.2. Direct, comparative mapping of parameter space
In separate tests, we explored the uniqueness with which

a given set of exchange parameters defines R2(scp) disper-
sion by comparing the theoretical R2(scp) values that cor-
respond to a given case of exchange with those
calculated at points on a multidimensional grid encom-
passing a broad, physically reasonable parameter space.
For cases of two-site exchange analyzed with this
approach, the three-dimensional parameter space (kex, pa,
and Dx) was explored according to the dependence
R2(scp) in Eq. (2).

Parameter grid locations were considered indistinguish-
able from the true input values when they reproduced the
R2(scp) data to within a specified tolerance, which was
defined as follows. First, 5% Gaussian noise was added
to the synthetic R2(scp) data set at 12 values of scp, as
described earlier. The rmsd of this error-incorporated set
½R5%

2 ðscpÞ* from the unmodified test data ½Rtest
2 ðscpÞ* was then

calculated as
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Xue et al. presented an analysis of a 1 ms trajectory of BPTI (From DESRES) 
and compared chemical exchange relaxation data:
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The emergence of models of ultra-long time-scale molecular dynam-
ics enables the means of probabilistic models of kinetics or special-
purpose supercomputers are slowly closing the gap between kinetic
and equilibrium experimental observables.
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A llostery and other key phenomena in molecular biology
are characterized by their concerted, dynamic nature.

Obtaining atomic-scale descriptions of these phenomena pro-
vides the foundation for a mechanistic understanding and may
in turn inform rational strategies for pharmaceutical inter-
vention. Nuclear magnetic resonance spectroscopy (NMR)
uniquely provides atomic resolution probes sensitive to these
phenomena through specifically tailored experiments. In par-
ticular the class of NMR experiments referred to as relaxation
dispersion (RD) experiments have proven particularly power-
ful in describing concerted, dynamic changes in protein struc-
ture.

Theory
In the fast-exchange limit the exchange contribution Rex

2

to
the spin-spin relaxation rate R

2

may according to Redfield-
theory be expressed in terms of the auto-correlation function
g(⌧) (Abragam, 1961),

Rex

2

= (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧). [1]

This theory may be readily extended to describe the quench-
ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),

Rex

1⇢,SL(⌫1) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) cos(2⇡⌫
1

⌧) [2]

and CPMG type (Xue et al, 2011),

Rex

1⇢,CPMG(⌫CP

) = (2⇡⌫
0

)2
Z 1

0

d⌧ g(⌧) tri(2⇡⌫
CP

⌧). [3]

relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
mX

i=2

ci exp(�⌧/⌧ ex

i ), [4]

where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and

⌧ ex

i = � ⌧

log |�i|
, ci = (f · ri)(li · f) [5]

where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),

Rex
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@
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[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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calculate a reasonable structure. Instead, pre-existing structural
models have been widely used to assist in the interpretation of
relaxation dispersion data.23−27 Alternatively, many investiga-
tors sought to boost the population of minor species, for
example, by adding a ligand, changing sample conditions, or
introducing a point mutation.21,28−30 None of these solutions is
fully satisfactorya suitable model may not be available or
readily identifiable, whereas changing the experimental
conditions may bias the results.
In summary, there is a good deal of uncertainty in the

transition from relaxation dispersion data to chemical shifts and
further to the structural model of the excited state. Under these
circumstances, the insight from MD simulations may prove to
be extremely valuable.27,31 Indeed, MD trajectory presents a
picture of internal motion in all its complexity. Provided that
the trajectory is sufficiently long, the results can be used to

simulate the relaxation dispersion profiles which can be then
directly compared with the experimental data. Thus a direct
connection can be established between the experimental data
and the highly realistic structural/dynamic model, without
suffering from all of the parametrization issues described above.

■ RESULTS
Until recently, it has been unthinkable that unbiased explicit-
atom MD simulation can reach the length that is necessary to
sample microsecond protein dynamics. However, a year ago
Shaw and co-workers reported 1-ms-long trajectory of BPTI in
explicit water.32 The simulation was conducted at 300 K under
the control of (slightly altered) Amber ff99SB force field37,38

using a special-purpose supercomputer Anton. The snapshots
from this simulation, resampled at 25 ns steps, have been
released for use by the research community.

Figure 1. (A,B) Time variation of χ1 torsional angles in disulfide-bonded residues C14, C38 as extracted from 1-ms MD trajectory of BPTI.32 (C,D)
Time variation of backbone δ15N chemical shifts in residues C14, C38 as calculated by application of the program SHIFTX+33 to the individual
frames from the BPTI trajectory. SHIFTX+ is a part of the recently released package SHIFTX2 (the other module, SHIFTY+, relies on protein
primary sequence and thus does not help to predict the dynamic CS variations).33 Similar strategies for computation of chemical shifts on the basis of
MD trajectories have been implemented earlier.34−36 Note that δ15N undergoes large fluctuations on a fast time scale (<25 ns), as especially well seen
in the central portion of the plot C. As it turns out, the peptide plane P13−C14 is “destabilized” in the conformational state mC14 and experiences
large axial motions (involving a concerted change in ψ(P13) and φ(C14)).

Figure 2. Chemical shift correlation functions for backbone 15N spins from residues C14, C38 in BPTI. Blue/gray curves: g(τ) calculated via eq 1
from δ15N traces shown in Figure 1C,D. Red curves: triexponential fits of g(τ). Since the tail of the correlation function is statistically unreliable, the
fitting is limited to the first 400 μs. The fitting procedure is set up such as to capture the initial fast decay in g(τ) (time constant < 25 ns, that is, less
than the time step of the resampled MD trajectory) plus the two slower components. Use of 4-, 5-, or 6-exponential fitting functions does not change
the results. The complete set of correlation functions for all nonproline residues in BPTI is shown in Supporting Information Figure S5.
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The emergence of models of ultra-long time-scale molecular dynam-
ics enables the means of probabilistic models of kinetics or special-
purpose supercomputers are slowly closing the gap between kinetic
and equilibrium experimental observables.
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A llostery and other key phenomena in molecular biology
are characterized by their concerted, dynamic nature.

Obtaining atomic-scale descriptions of these phenomena pro-
vides the foundation for a mechanistic understanding and may
in turn inform rational strategies for pharmaceutical inter-
vention. Nuclear magnetic resonance spectroscopy (NMR)
uniquely provides atomic resolution probes sensitive to these
phenomena through specifically tailored experiments. In par-
ticular the class of NMR experiments referred to as relaxation
dispersion (RD) experiments have proven particularly power-
ful in describing concerted, dynamic changes in protein struc-
ture.

Theory
In the fast-exchange limit the exchange contribution Rex
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to
the spin-spin relaxation rate R
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may according to Redfield-
theory be expressed in terms of the auto-correlation function
g(⌧) (Abragam, 1961),
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This theory may be readily extended to describe the quench-
ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),
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relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
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where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and
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where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),
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[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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In this report we demonstrate how the ultra-long MD
trajectory of BPTI can be used to reproduce the results from
NMR relaxation dispersion measurements. As a first step, each
frame from the MD trajectory has been processed using the
chemical shift prediction program SHIFTX+.33 The resulting
chemical shift traces δ(t) are illustrated in Figure 1C,D for
backbone 15N spins of residues C14 and C38.
Next, we evaluate the autocorrelation functions for the

individual spin sites in BPTI:

δ δ δ δτ = − ̅ + τ − ̅g t t( ) ( ( ) )( ( ) ) (1)

Here δ̅ = ⟨δ(t)⟩, and the angular brackets denote averaging with
respect to t. The examples of the correlation functions
calculated according to eq 1 are shown in Figure 2. In the
fast exchange regime, when Redfield relaxation theory is valid,
g(τ) can be related to the exchange-induced spin relaxation
rate:39,40

∫= πν τ τ
∞

R g(2 ) ( ) d2
ex

0
2

0 (2)

Here ν0 is the Larmor frequency for a given sort of spins. This
result can be extended to describe the outcome of the spin lock
experiment:40

∫ν = πν τ πν τ τρ
∞

R g( ) (2 ) ( ) cos(2 ) d1 ,SL
ex

1 0
2

0
1 (3)

where ν1 is the frequency of spin lock (or, in other words, the
strength of rf field).
Finally, the equivalent expression can be derived for the

CPMG pulse train, (τCP − 180° − τCP)n:

∫ν = πν τ πν τ τρ
∞

R g( ) (2 ) ( ) tri(2 ) d1 ,CPMG
ex

CP 0
2

0
CP (4)

Here νCP = 1/4τCP and tri(x) is a triangle-wave function which
consists of linear segments connecting the points (x,y) = (0,1),
(π,−1), (2π,1), (3π,−1), and so forth (i.e., the extrema of the
cosine curve). The derivation of eq 4, which is similar to our
recent treatment of the phase-alternated spin lock,41 is
described in Appendix A (see Supporting Information).
While eq 4 reflects the discrete nature of the CPMG
experiment, the result is strikingly similar to the spin-lock
case, eq 3. If the correlation function g(τ) is comprised of
several exponentials, then the expression in eq 4 can be readily
evaluated in analytical form,
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in agreement with the early findings of Luz and Meiboom.42 In
summary, eqs 1−5 allow for calculation of relaxation dispersion
profiles for faster (μs) forms of conformational dynamics on
the basis of MD data.
Conformational exchange in BPTI has been investigated in

depth in Wüthrich’s group43,44 and later in Palmer’s
group.17,25,45,46 In particular, Palmer and co-workers reported
the results of the 15N CPMG measurements in a form of

(partial) dispersion amplitude, ΔR = R1ρ,CPMG
ex (νCP

low) −
R1ρ,CPMG
ex (νCP

high). Their experimental data are summarized in
Figure 3A.25,45

To simulate ΔR, we first evaluated the correlation functions
g(τ), eq 1, and then fitted the results with 3-exponential curves
(red profiles in Figure 2). The fit parameters were subsequently
used to predict R1ρ,CPMG

ex (νCP) via eq 5. Finally, the values of ΔR
were calculated, Figure 3B (defined such as to imitate the
experimental data).
Clearly, the pattern obtained for the simulated ΔR is similar

to the one that has been observed experimentally, cf. parts B
and A in Figure 3. In both cases the exchange broadening is
attributable to isomerization of the C14−C38 disulfide bond.
This is the only one of the three disulfide bonds in BPTI that
shows the evidence of microsecond−millisecond dynamics (for
comparison, we have generated the equivalent of Figures 1 and
2 for C5−C55, see Supporting Information).

■ DISCUSSION
Figure 3 directly connects the experimental results with a highly
realistic motional model. In choosing this approach, we side-
step the problem of model selection, that is, we do not limit
ourselves to 2- or 3-site exchange scheme involving certain
representative conformations with distinct chemical shifts.

Figure 3. Experimental (A) and simulated (B) values of 15N ΔR for
BPTI at 300 K, spectrometer frequency 600 MHz. Pink bars represent
ΔR = R1ρ,CPMG

ex (50 Hz) − R1ρ,CPMG
ex (500 Hz); the experimental data are

from Loria et al.45 Cyan bars represent ΔR = R1ρ,CPMG
ex (8 Hz) −

R1ρ,CPMG
ex (∞) ≈ R2

ex; the experimental data are from Grey et al.,25

reported only for C14, K15, C38, and R39.
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The emergence of models of ultra-long time-scale molecular dynam-
ics enables the means of probabilistic models of kinetics or special-
purpose supercomputers are slowly closing the gap between kinetic
and equilibrium experimental observables.

Significance statement:

Nuclear magnetic resonance spectroscopy | protein dynamics | Markov state

models | relaxation dispersion | molecular kinetics

Abbreviations: NMR, nuclear magnetic resonance

A llostery and other key phenomena in molecular biology
are characterized by their concerted, dynamic nature.

Obtaining atomic-scale descriptions of these phenomena pro-
vides the foundation for a mechanistic understanding and may
in turn inform rational strategies for pharmaceutical inter-
vention. Nuclear magnetic resonance spectroscopy (NMR)
uniquely provides atomic resolution probes sensitive to these
phenomena through specifically tailored experiments. In par-
ticular the class of NMR experiments referred to as relaxation
dispersion (RD) experiments have proven particularly power-
ful in describing concerted, dynamic changes in protein struc-
ture.

Theory
In the fast-exchange limit the exchange contribution Rex
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to
the spin-spin relaxation rate R
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may according to Redfield-
theory be expressed in terms of the auto-correlation function
g(⌧) (Abragam, 1961),
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This theory may be readily extended to describe the quench-
ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),
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and CPMG type (Xue et al, 2011),
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relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
mX

i=2

ci exp(�⌧/⌧ ex

i ), [4]

where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and

⌧ ex
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log |�i|
, ci = (f · ri)(li · f) [5]

where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),
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[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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In this report we demonstrate how the ultra-long MD
trajectory of BPTI can be used to reproduce the results from
NMR relaxation dispersion measurements. As a first step, each
frame from the MD trajectory has been processed using the
chemical shift prediction program SHIFTX+.33 The resulting
chemical shift traces δ(t) are illustrated in Figure 1C,D for
backbone 15N spins of residues C14 and C38.
Next, we evaluate the autocorrelation functions for the

individual spin sites in BPTI:

δ δ δ δτ = − ̅ + τ − ̅g t t( ) ( ( ) )( ( ) ) (1)

Here δ̅ = ⟨δ(t)⟩, and the angular brackets denote averaging with
respect to t. The examples of the correlation functions
calculated according to eq 1 are shown in Figure 2. In the
fast exchange regime, when Redfield relaxation theory is valid,
g(τ) can be related to the exchange-induced spin relaxation
rate:39,40
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Here ν0 is the Larmor frequency for a given sort of spins. This
result can be extended to describe the outcome of the spin lock
experiment:40
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where ν1 is the frequency of spin lock (or, in other words, the
strength of rf field).
Finally, the equivalent expression can be derived for the

CPMG pulse train, (τCP − 180° − τCP)n:
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Here νCP = 1/4τCP and tri(x) is a triangle-wave function which
consists of linear segments connecting the points (x,y) = (0,1),
(π,−1), (2π,1), (3π,−1), and so forth (i.e., the extrema of the
cosine curve). The derivation of eq 4, which is similar to our
recent treatment of the phase-alternated spin lock,41 is
described in Appendix A (see Supporting Information).
While eq 4 reflects the discrete nature of the CPMG
experiment, the result is strikingly similar to the spin-lock
case, eq 3. If the correlation function g(τ) is comprised of
several exponentials, then the expression in eq 4 can be readily
evaluated in analytical form,
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in agreement with the early findings of Luz and Meiboom.42 In
summary, eqs 1−5 allow for calculation of relaxation dispersion
profiles for faster (μs) forms of conformational dynamics on
the basis of MD data.
Conformational exchange in BPTI has been investigated in

depth in Wüthrich’s group43,44 and later in Palmer’s
group.17,25,45,46 In particular, Palmer and co-workers reported
the results of the 15N CPMG measurements in a form of

(partial) dispersion amplitude, ΔR = R1ρ,CPMG
ex (νCP

low) −
R1ρ,CPMG
ex (νCP

high). Their experimental data are summarized in
Figure 3A.25,45

To simulate ΔR, we first evaluated the correlation functions
g(τ), eq 1, and then fitted the results with 3-exponential curves
(red profiles in Figure 2). The fit parameters were subsequently
used to predict R1ρ,CPMG

ex (νCP) via eq 5. Finally, the values of ΔR
were calculated, Figure 3B (defined such as to imitate the
experimental data).
Clearly, the pattern obtained for the simulated ΔR is similar

to the one that has been observed experimentally, cf. parts B
and A in Figure 3. In both cases the exchange broadening is
attributable to isomerization of the C14−C38 disulfide bond.
This is the only one of the three disulfide bonds in BPTI that
shows the evidence of microsecond−millisecond dynamics (for
comparison, we have generated the equivalent of Figures 1 and
2 for C5−C55, see Supporting Information).

■ DISCUSSION
Figure 3 directly connects the experimental results with a highly
realistic motional model. In choosing this approach, we side-
step the problem of model selection, that is, we do not limit
ourselves to 2- or 3-site exchange scheme involving certain
representative conformations with distinct chemical shifts.

Figure 3. Experimental (A) and simulated (B) values of 15N ΔR for
BPTI at 300 K, spectrometer frequency 600 MHz. Pink bars represent
ΔR = R1ρ,CPMG

ex (50 Hz) − R1ρ,CPMG
ex (500 Hz); the experimental data are

from Loria et al.45 Cyan bars represent ΔR = R1ρ,CPMG
ex (8 Hz) −

R1ρ,CPMG
ex (∞) ≈ R2

ex; the experimental data are from Grey et al.,25

reported only for C14, K15, C38, and R39.
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The emergence of models of ultra-long time-scale molecular dynam-
ics enables the means of probabilistic models of kinetics or special-
purpose supercomputers are slowly closing the gap between kinetic
and equilibrium experimental observables.
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A llostery and other key phenomena in molecular biology
are characterized by their concerted, dynamic nature.

Obtaining atomic-scale descriptions of these phenomena pro-
vides the foundation for a mechanistic understanding and may
in turn inform rational strategies for pharmaceutical inter-
vention. Nuclear magnetic resonance spectroscopy (NMR)
uniquely provides atomic resolution probes sensitive to these
phenomena through specifically tailored experiments. In par-
ticular the class of NMR experiments referred to as relaxation
dispersion (RD) experiments have proven particularly power-
ful in describing concerted, dynamic changes in protein struc-
ture.

Theory
In the fast-exchange limit the exchange contribution Rex
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the spin-spin relaxation rate R
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may according to Redfield-
theory be expressed in terms of the auto-correlation function
g(⌧) (Abragam, 1961),
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This theory may be readily extended to describe the quench-
ing measured in rotating-frame relaxation in spin-lock (De-
verell et al, 1970),
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relaxation dispersion experiments. We may use the eigenval-
ues and eigenvectors of a MSM transition probability matrix
T with ’lag’-time ⌧ to express the auto-correlation function
g(⌧) of some observable as a multi-exponential sum (Noé et
al., 2011),

g(⌧) = (fT⇡)2 +
mX
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where ⇡ is the stationary distribution of the the MSM and f
is a vector of average chemical shifts in the microstates of the
MSM, and
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where �i, li and ri are the ith eigenvalue, associated to the
left and right eigenvectors of T respectively. Conveniently,
analytically expressions for eqs. 2 and 3 have been derived for
auto-correlations functions of this form (Deverell et al, 1970
and Xue et al, 2011),
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[7]
Here, as a preliminary proof-of-concept we used a previously
published 1ms simulation of Ubiquitin piana pnas to generate
a MSM using pyEMMA (http://pyemma.org). Four-five (not
so) slowly relaxing processes with characteristic time-scales in
the range 10 � 100 ns could be resolved (see Fig. ??, middel
panel) – that is, outside the range of time-scales experimen-
tally accessible, using these techniques. Chemical shifts of the
MD trajectory was back-predicted using Camshift (Kohlho↵
et al., 2009), and in turn used to compute the microstate vec-
tor f .
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Instead of using exponential fits different classes 
stretched exponential models (Fractional Fokker-
Planck etc) have been proposed.  
!
Again these models provide interesting insights but 
suffer many of the same problems as multi-
exponential fits 



Markov state models (MSMs) are mechanistic !
models of molecular kinetics

In MSMs molecular kinetics (chemical exchange) is modelled as a N-state 
discrete jump process

174105-7 Markov models: Generation and Validation J. Chem. Phys. 134, 174105 (2011)

spectrum and correspond to much faster local diffusion pro-
cesses. The three slowest processes effectively partition the
dynamics into four metastable states corresponding to basins
A, B, C, and D, which are indicated by the different sign struc-
tures of the eigenfunctions [Fig. 1(c)]. The metastable states
can be calculated from the eigenfunction structure, e.g., using
the Perron Cluster Cluster Analysis (PCCA) method.30, 38

Of special interest is the slowest relaxation time, t2. This
timescale identifies the worst case global equilibration or
decorrelation time of the system; no structural observable can
relax more slowly than this timescale. Thus, if one desires
to calculate an expectation value E[a] of an observable a(x)
which has a non-negligible overlap with the second eigen-
function, ⟨a,ψ2⟩ > 0, a straightforward single-run MD tra-
jectory would need to be many times t2 in length in order to
compute an unbiased estimate of E[a].

III. DISCRETIZATION AND DISCRETIZATION ERROR

While molecular dynamics in full continuous state space
" is Markovian by construction, the term Markov model is
due to the fact that in practice, state space must be somehow
discretized in order to obtain a computationally tractable de-
scription of the dynamics. The Markov model then consists of
the partitioning of state space used together with the transition
matrix modeling the jump process of the observed trajectory
projected onto these discrete states. However, this jump pro-
cess (Fig. 2) is no longer Markovian, as the information where
the continuous process would be within the local discrete state
is lost in the course of discretization. Modeling the long-time
statistics of this jump process with a Markov process is an
approximation, i.e., it involves a discretization error. In the
current section, this discretization error is analyzed and it is
shown what needs to be done in order to keep it small.

The discretization error is a systematic error of a Markov
model since it causes a deterministic deviation of the Markov
model dynamics from the true dynamics that persists even
when the statistical error is excluded by excessive sampling.
In order to focus on this effect alone, it is assumed in this sec-
tion that the statistical estimation error is zero, i.e., transition
probabilities between discrete states can be calculated exactly.
The results suggest that the discretization error of a Markov
model can be made small enough for the MSM to be useful
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FIG. 2. Scheme: The true continuous dynamics (dashed line) is projected
onto the discrete state space. MSMs approximate the resulting jump process
by a Markov jump process.

in accurately describing the relaxation kinetics, even for very
large and complex molecular systems.

In practical use, the Markov model is not obtained by
actually discretizing the continuous propagator. Rather, one
defines a discretization of state space and then estimates
the corresponding discretized transfer operator from a finite
quantity of simulation data, such as several long or many
short MD trajectories that transition between the discrete
states. The statistical estimation error involved in this estima-
tion will be discussed in Sec. IV; the current section focuses
only on the approximation error due to discretization of the
transfer operator.

A. Discretization of state space

Here we consider a discretization of state space " into
n sets. In practice, this discretization is often a simple parti-
tion with sharp boundaries, but in some cases it may be de-
sirable to discretize " into fuzzy sets.66 We can describe both
cases by defining membership functions χi (x) that quantify
the probability of point x to belong to set i (Ref. 43) which
have the property

∑n
i=1 χi (x) = 1. In the present study we

will concentrate on a crisp partitioning with step functions:

χi (x) = χ
crisp
i (x) =

{
1 x ∈ Si

0 x /∈ Si
. (20)

Here we have used n sets S = {S1, . . . , Sn} which entirely
partition state space (

⋃n
i=1 Si = ") and have no overlap (Si

∩ Sj = ∅ for all i ̸= j). A typical example of such a crisp
partitioning is a Voronoi tessellation,67 where one defines n
centers x̄i , i = 1, . . . , n, and set Si is the union of all points
x ∈ " which are closer to x̄i than to any other center using
some distance metric [illustrated in Figs. 3(b) and 3(c)]. Note
that such a discretization may be restricted to some subset of
the degrees of freedom, e.g., in MD one often ignores veloci-
ties and solvent coordinates when discretizing.

The stationary probability πi to be in set i is then given
in terms of the full stationary density as:

πi =
∫

x∈Si

dx µ(x),

and the local stationary density µi (x) restricted to set i [see
Fig. 3(b)] is given by

µi (x) =

⎧
⎨

⎩

µ(x)
πi

x ∈ Si

0 x /∈ Si

. (21)

These properties are local, i.e., they do not require informa-
tion about the full state space.

B. Transition matrix

Together with the discretization, the Markov model is
defined by the row-stochastic transition probability matrix,
T(τ ) ∈ Rn×n , which is the discrete approximation of the
transfer operator described in Sec. II B via

Ti j (τ ) = ⟨χ j , (T (τ ) ◦ χi )⟩µ
⟨χi ,χi ⟩µ

.
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Markov state models (MSMs) are mechanistic !
models of molecular kinetics (2)

Plattner & Noé Nat. Comms. 2015

states. The six metastable states can be classified in terms of
structural features of two flexible loops, the Trp215 loop and the
Asp189 loop (Fig. 1b). The classification is found in Fig. 1a:

1. S1 pocket opening and closing (Fig. 1b and bullets with ‘1’ in
Fig. 1a): S1 is the Benzamidine-binding pocket found in PDB
3PTB that allows access and hydrogen bonding of Benzami-
dine to the recognition site Asp189. In the X-ray-like magenta
structure the S1-binding pocket is open, whereas in all other
structures it is only partially open or closed.

2. S1* pocket opening and closing (Fig. 1c and bullets with ‘1*’ in
Fig. 1a): a second binding pocket allows binding of
Benzamidine to Asp189 from a different angle. In the apo
state, an open S1* binding pocket is favourable as seen from

the fact that the red and green conformations with this pocket
fully open are the two most stable apo states. In the green
conformation the pocket can open and close, but microstates
with the S1* pocket open have a much higher probability.

3. Conformational switch in the S1* pocket (Fig. 1d,e and bullets
with ‘Sw’ in Fig. 1a): the binding free energy for binding to S1*
crucially depends on its conformation. In the red structure,
which is most stable, the loop containing Asp189 is moved
inwards making the binding to Asp189 easier, whereas in all
other structures it is found at a less favourable position.

In addition, the apo-state conformations differ also in
other structural features including the calcium-binding loop
(residues 71–79) and the peripheral loop and helix formed by

Tbind = 3.7±1.4 µs 
∆Gb = –0.3±0.2 kcal mol–1 

tbind = 0.9±0.2 µs 
∆Gb = –7.2±0.5 kcal mol–1 

tbind = 0.2±0.08 µs 
∆Gb = –6.6±0.2 kcal mol–1 

Tbind = 1.0±0.2 µs 
∆Gb = –5.5±0.3 kcal mol–1 

Group A: low binding affinity Group B: high binding affinity 

~5 µs 

S1 pocket opening S1* pocket: conformational switch 

Asp189 Asp189

Trp215 

~100 µs 

~9 µs 

Asp189 

1 1 1 1 1* 1* 1* 1* 

1 

1* 

1 

1* 

1* 

1 
1 

1* 

1* 

Open Closed Open Closed Binding unfavourable Favourable

Asp189 

1 

1* 

S1* pocket opening

Sw 

1* 

1 

Sw 

Sw 

Sw Sw 

Sw 

Sw 
1 

SwSw 

tbind = 1.5±0.04 µs 
∆Gb = –2.2±0.1 kcal mol–1 

tbind = 1.1±0.1 µs 

∆Gb = –1.5±0.1 kcal mol–1

P ij < 0.001 P ij > 0.001 P ij > 0.01 P ij > 0.1 

Figure 1 | Apo-state structures and kinetics. (a) Structural features, equilibrium distribution and kinetics of six unbound (apo) protein conformations.
Transitions between them occur at timescales on order of tens of microseconds. The three slowest relaxation timescales and their corresponding transition
process are indicated (dashed lines). The circles have an area proportional to the equilibrium probability pi. Their respective free energy differences DGb of
binding a ligand to this conformation and the binding time tbind (mean first passage time to binding) are given. The arrows indicate the transition
probabilities for direct transitions between the different states (see legend). The most important structural differences concerning ligand binding are shown
in b–e, and the structures are classified with respect to these features in by green/orange/red bullets in a. The structures are classified by the state of S1 or
S1*: open (green circle with ‘1’ or ‘1*’), half-open (orange circle) or closed (red circle) and by the S1* pocket conformational switch: favourable for binding
(green circle with ‘Sw’) or unfavourable for binding (red circle with ‘Sw’).
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Identifies metastable states 
and exchange rates between them  

from long trajectories or multiple short 
trajectories 
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Talk is cheap… how do MSMs perform?



Ubiquitin

• Similarly for ubiquitin (1ms 
trajectory CHARMM22*)  

• Different processes are giving 
rise to signals at different sites

Hansen, D. F.; Feng, H.; Zhou, Z.; Bai, Y.; Kay, L. E. J. Am. Chem. Soc. 2009, 131, 16257–16265.  
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Predicted correlation times are too slow
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Differences between the 
unwound states

Turn locked
Turn flexible



Differences between the 
unwound states (2)



Differences between the 
green and blue states



Differences between the 
green and blue states



Differences between the 
green and blue states (2)



Is the yellow state an 
simulation fluke?



If we ignore the slowest 
process

277K



If we ignore the slowest 
process (2)

extrapolated 308K



If we ignore the slowest 
process (2)

extrapolated 292K



Summary part 2

• MSM models may provide a new powerful 
framework for analysis of chemical exchange 
relaxation data 

• Gives mechanistic insight: can inform biological 
hypotheses and force field refinement
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